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We present a time-independent generalized Floquet approach for nonperturbative treatment of high-order
harmonic generation (HG) in intense one- and two-color laser fields. The procedure consists of the following
elements: (i) determination of the complex quasienergy eigenvalue and eigenfunction by means of the non-
Hermitian Floquet formalism, wherein the Floquet Hamiltonian is discretized by the complex-scaling gener-
alized pseudospectral technique [Wang, Chu, and Laughlin, Phys. Rev. A 50, 3208 (1994)],and (ii) calculation
of the HG rates based on the approach that implies the classical treatment of the electromagnetic field and
quantal treatment of the atom. The method is applied to the nonperturbative study of HG by the hydrogen atom
in strong laser fields with the fundamental frequencies 532 and 775 nm and their third harmonics. The results
show a strong dependence on the relative phase 8' between the fundamental frequency field and its harmonic.
For the intensities used in calculations (1 X 10 and 5 X 10' W/cm for the fundamental frequency 532 nm
and 1 X 10' and 3 X 10' W/cm for the fundamental frequency 775 nm, the harmonic intensity being 10 and
100 times weaker), the total photon emission rate has its maximum at 8=0 and minimum at 8= vr Howe.ver,
this tendency, while valid for the first several HG peaks, is reversed for the higher HG peaks. The HG spectrum
for 6= m is broader and the peak heights decrease more slowly compared to the case of 6=0. These results
have their analog in the multiphoton above-threshold detachment study performed recently for H ions [Tel-
nov, Wang, and Chu, Phys. Rev. A 51, 4797 (1995)].
PACS number(s): 32.80.Rm, 32.80.Fb, 42.50.Hz
I. INTRODUCTION
The study of atomic and molecular multiphoton processes
in two strong laser fields with different frequencies has re-
ceived considerable attention both experimentally [1] and
theoretically [2,3] in recent years. In the case of atoms, most
two-color studies have been confined to the investigation of
the phase-dependence effects in multiphoton above-threshold
ionization (ATI) [1—3]. It has been found, for example, that
the total ionization rate, the electron energy, and the angular
distribution depend strongly on the relative intensity and
relative phase of the two radiation fields, usually consisting
of a fundamental and one of its harmonic fields. In the case
of diatomic molecules, it has been predicted, for example,
that by tuning the relative phase of the two laser beams, the
internuclear potential-energy surface can be modified signifi-
cantly, suggesting some degree of "coherent control" of the
dynamics of multiphoton above-threshold dissociation and
chemical bond hardening processes may be feasible [4].
In parallel to the recent extensive studies of the electron
emission from multiphoton ATI of atoms, there is also con-
siderable interest in the investigation of photon emission,
namely, high-order harmonic generation (HG), that might ac-
company the excitation or ionization processes. Such high
harmonic generation represents a potential practical source
of coherent extreme ultraviolet radiation. Most experimental
and theoretical studies of HG processes in strong fields have
been mainly confined to the one-color laser field case. (For a
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recent review on high-order harmonic generation in strong
fields, see, e.g. , Ref. [5] and references therein. ) Recently an
experiment on the phase-dependent effects on high-order HG
by a strong laser field and its third harmonic has been re-
ported [6]. The two-color interference effects on HG were
clearly seen. Also very promising are the recent experiments
on the generation of short-wavelength radiation by mixed
laser fields with commensurate [7] and incommensurate fre-
quencies [8].
In the presence of intense one-color laser fields, several
nonperturbative methods have been used in the theoretical
studies of HG processes: time-independent Floquet formal-
ism [9,10] and numerical integration of the time-dependent
Schrodinger equation [11], as well as purely classical ap-
proach to HG [12].Such theoretical treatments usually con-
sider the interaction of a single atom with strong, classical
electromagnetic fields. The investigation of the role of phase-
matching effects indicates that, under the conditions of low
pressure and weak focus typically encountered in experi-
ments, the phase-matched results do not differ significantly
from the single-atom results (see, e.g. , the review [13]).
In this paper we present a detailed theoretical investiga-
tion of the high-order harmonic-generation processes in
atomic hydrogen driven by intense two-color laser fields. We
found that by varying both the relative phase and the relative
intensity of the fundamental to the harmonic field, it is pos-
sible to coherently control the enhancement or the decrement
of the HG yields. In Sec. II we present a time-independent
generalized Floquet formulation for the nonperturbative
treatment of high-order harmonic generation in two-color la-
ser fields. The numerical procedure for the solution of the
complex quasienergy wave function and the calculation of
high-order harmonic generation is presented in Sec. III. In
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Sec. IV we discuss the results of HG calculations for atomic
hydrogen in one- and two-color laser fields for various field
parameters. This is followed by a conclusion in Sec. V.
II. THEORY
We will follow the theory of harmonic generation that
treats the atom quantum mechanically and the radiation clas-
sically. This approach is well justified in most of cases from
the point of view of the theory that treats the radiation field
quantum mechanically [14]. According to the classical
theory of fields [15], the intensity of radiation produced by
an accelerated charge per unit solid angle and summed over
all possible polarizations is given by the expression
4
where a(t) is the acceleration of the charge, c is the velocity
of the light, and 6 is the angle (with respect to a) under
which the radiation is detected. In the case of periodic mo-
tion, the acceleration a(t) can be expanded in Fourier series
and its Fourier components should be replaced with the cor-
responding quantum expectation values. (For simplicity, we
shall keep the same notation for the quantum expectation
values as for the corresponding classical values. ) If the initial
state of the atom is spherically symmetrical, then only the z
component of the mean acceleration does not vanish. Ac-
cording to the Ehrenfest theorem [16],
l„,(.) = —(+II:H,i,]lq ),
where we assume that qt(r, t) is a quasienergy wave function
describing the electron subject to the inhuence of the core as
well as the external field, p, being the momentum operator.
Consider first the case of commensurate frequencies co&
and co2. Here the ordinary Floquet theory applies and the
wave function qt(r, t) can be expanded in the Fourier series
with a single fundamental frequency co (e is a quasienergy):
W(r, t) =exp( —iat) g P (r)exp( —imcot) . (9)
a(t) = g a„exp( —inset), If the second laser field is a harmonic of the first one
where the frequency co = 2mlT, T being the period. The total
(angle-integrated) intensity of the nth harmonic is
41a.l'I„=
co2 =NGoi, (10)
where N is an integer, the fundamental frequency co is equal
to the frequency of the first field
8 = —n co (4)
Since the acceleration Fourier components a„and displace-
ment Fourier components d„are related by and the expression for the squared absolute value of the Fou-
rier component 1a„1 can be written as
the intensity of the nth harmonic can be written also in the
length form
zdW 1
+ 2Fi(~., i+ ~.,-i]df'
4n 4~41 d„1'
I =
3
1
+ —F2[8„ ivexp( —i 8) + 8'„ ivexp(i 8)] (12)
In our case the charge particle is represented by an elec-
tron moving under the influence of the core and external
laser field. Let the atomic potential W(r) be spherically sym-
metrical and the external field linearly polarized in the z
direction. Then the Hamiltonian H reads (in a.u.)
Here we have evaluated the commutator [H,p, ]; 8'„k is a
Kronecker symbol and 8' without subscripts is a relative
phase between the two laser fields. In analogy, the squared
absolute value of the Fourier component 1d„1 is expressed as
H= —2V + W(r)+zF(t), (6) co 2
where F(t) is the laser field strength. For the two-color fields
one has the expression for F(t),
F(t) =Ficos(cu, t) + F2cos(co2t+ 8),
with F
&
and F2 being the field strengths for the first and the
second fields, respectively, and 6 being the relative phase
shift between the two fields. (8 is meaningful for commen-
surate frequencies ~& and co2 only; see the discussion be-
low. ) In the present formulation, the atomic system will be
treated quantum mechanically. Thus the acceleration a(t)
Let the integer number N, which describes the second
(harmonic) field, be an odd number. Then, for the spherically
symmetrical atomic potential and the initial state with defi-
nite parity, the Fourier components of the wave function
'P(r, t) also possess definite parity, which is different for
even and odd components. As one can see from Eq. (12),
only the odd Fourier components are present in the mean
acceleration due to parity restrictions.
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The value I„given by Eqs. (3) and (5) has the meaning of
the energy radiated per unit time through the mode with the
frequency neo. The corresponding photon emission rate I „
(the number of photons of frequency neo emitted per unit
time) is obtained from (3) and (5) by dividing by neo:
incommensurate frequencies co& and ~2, the electron can
emit radiation with the frequencies In&co, +n2cu2I, where
n& and n2 are integers. The corresponding photon emission
rate is given by
41a.l' 4n'~'Id. l'
3n~c 3c (14)
4la. ..,l'
31n, cpz+n2tp2lc'
(18)
Both forms (acceleration and length) are equivalent in the
Floquet theory; in practice, one needs to take care of the
proper "regularization" of the integral (13), which is for-
mally divergent. Strictly speaking, the acceleration form in-
tegral (8) is also formally divergent due to the imaginary part
of the quasienergy (resonance state). However, for the inten-
sities used in the calculations, the imaginary part of the
quasienergy is negligibly small, so no special regularization
is required for numerical calculation of the integral (8). For
higher intensities one may need to use the regularization for
the acceleration form integral as well as for the length form
integral (see Sec. III).
Now consider briefly the general case of incommensurate
frequencies cu] and co2. According to the many-mode Flo-
quet theory [9,17], the wave function W(r, t) can be ex-
panded in a double Fourier series with two fundamental fre-
quencies co& and co2..
III. NUMERICAL PROCEDURES
In this paper, we consider the high-order harmonic gen-
eration by the hydrogen atom driven by the fundamental fre-
quency laser field and its third harmonic
F(t) =FICOS(rot) + F2COS(3 QJt+ 8) (19)
When both external fields are polarized in the same direc-
tion, the projection of the electron angular momentum onto
the field axis is an integral of motion. Since the ground state
of the hydrogen atom is under consideration, this projection
is equal to zero. Thus the quasienergy wave function
'P(r, t) can be expanded in the double series over the time
Fourier components and Legendre polynomials P/(costi),
tl being the angle between r and the field direction (z axis):
'q/(r, t)=exp( —iet) g p (r)
mI, m2
X exp[ —i(m, p/, +m2co2)t] . (15)
'Ir(r, t) = exp( —i et) g exp( —i meet)
The long-time average of the squared acceleration is equal to
/1+ I ) 1/2
X g l —P,(r)P, (cos@) . (20)/o( 2 )
1 1 T
lim —
I
a(t)1'dt = g I a„„I',
T TJp nI, n2= -oo
(16)
with the squared absolute value of the Fourier components
I a„„ I defined as
zdW
Pl I/12 Ia
mI, m2
1
+ F,(b„, , +8„, —,)8„, p
1 2
+ —F2[8„&exp(—i8')+ 8'„&exp(l8)]8 p
(17)
Note that, although the phase shift 8 is present in Eq. (17), it
does not affect the result. The Fourier components of the
wave function P depend on 8 via the factor expI 2
( —im28) only (see the discussion in Ref. [3]),so the squared
absolute value of the Fourier components of the acceleration
do not depend on it. When driven in the two-color fields with
In the presence of strong fields, the quasienergy eigenstate
corresponding to the ground state is a metastable resonance
state with complex quasienergy e=(FR, —I l2). The real
part of the quasienergy (ER) provides the ac Stark shift of
the ground state whereas the imaginary part (I ) gives rise to
the total multiphoton ionization rate. This quasienergy reso-
nance state, corresponding to a complex role in the higher
Riemann sheet, can be determined by means of the non-
Hermitian Floquet Hamiltonian formalism [9]. In this for-
malism, we first substitute Eq. (20) into the time-dependent
Schrodinger equation, yielding a time-independent Floquet
Hamiltonian HF(r). We then analytically continue HF(r)
into the complex plane on higher Riemann sheet by means of
the complex scaling transformation [18],r—+r exp(ice). The
solution of the non-Hermitian Floquet Hamiltonian matrix
HF[r exp(in)]=HF(n) so obtained provides directly the
desirable complex quasienergies a quasienergy eigenfunc-
tions W, (r, t) sought. In this paper we use the complex
scaling generalized pseudospectral technique [19] recently
developed for the discretization and solution of the non-
Hermitian Floquet Hamiltonian HF(o/). The computational
efficiency and advantages of this discretization method over
the traditional basis-set-expansion variational method have
been demonstrated elsewhere [19].To facilitate the conver-
52 TWO-COLOR PHASE CONTROL OF HIGH-ORDER HARMONIC 3991
gency in strong-field calculations, we use the velocity-gauge
Hamiltonian instead of the length-gauge one provided by Eq.
(6):
d
F(t) = ——A(t) .dt (22)
1
2H= ——V +W(r) —iA(t) —,
2 (21)
The set of coupled equations for the components 1)I,(r),
from Eq. (20), now takes the form
1 d l(l+1)1 F——„,+, e "+W(re") e—m—~ P,+ e " + (m —1) (l —1)v(2l —1)(2l+1) I
1+1
(2l+1)(2l+3) I dr
1+1~
r )
' ' '+' g(2l —1)(2l+ 1) dr r)
1+1
+ —+
v'(2l+ 1)(2l+3) ( d"
F
i Cl
r )
' co(m+1) (1+1)
+
2&
e
g(2l —1)(2l+ 1) ( d" ")
1+1
g(2l+. 1)(2l+ 3) ( dr
+ 1 i d I
r )
' '+'
v'(2l —l)(2l+ 1) dr r)
i+1
4(2l + 1)(2l + 3 ) ( d"
ib
P(m+N). (l+ 1) (23)
Then we apply the mapping transformation to the variable r
(I 0,~]—+I —1,1]) and discretize it according to the
complex-scaling generalized pseudospectral method I19].
Depending upon the relative phase 8', the resulting dis-
cretized Floquet Hamiltonian matrix HF(a) can be complex
symmetric or asymmetric.
For high-order harmonic-generation calculation, high-
quality quasienergy wave functions are required to achieve
convergency. The size of the non-Hermitian Floquet matrix
depends upon the laser frequency and intensity used. Typi-
cally we used 40—50 mesh points for the discretization of the
radial coordinate. Sufficient numbers of partial waves and
Floquet photon blocks are included to achieve convergency
to desirable accuracy. The Floquet matrix so constructed is a
large sparse complex matrix, typically of the order of 10 000
X 10 000 or more. We extended the implicitly restarted Ar-
noldi algorithm I 20] with spectral transformation to facilitate
the solution of the selected eigenvalues and eigenfunctions.
By further taking into account the sparse structure in the
Floquet Hamiltonian, we have achieved a computationally
stable and efficient procedure for the solution of the internal
spectrum of complex sparse matrix of large dimensions. As
an example, for a complex matrix size of the order of 15 000
X 15 000, it takes about a total of 30 s in CRAY- YMP for the
solution of selective eigenvalues and eigenfunctions. The Ar-
noldi algorithm has the additional advantage that it does
not suffer the problem of generating undesirable repeated
roots as often encountered in the Lanczos algorithm. The
detailed discussion of the numerical procedure will be pre-
sented elsewhere.
The integrations over the angles 6 and @ (in the spherical
coordinate system with the polar axis along the field direc-
tion) with the function (20) in Eqs. (8) and (13) can be per-
formed analytically giving the following expressions for the
squared Fourier components of the acceleration and displace-
ment, respectively:
l+1 1
X . 0& —.u
1 1 1
+ {m—n), {1+1) 2 m, l + 2 1~n,1+ 2 F1~n, , —1
1 1
+ —F2exp( —i 8') B„s+—F2exp(i 8)8„3, (24)
l+1
I
dnl'= 2 I:& &(.—.),llrl &., (1+1)&
+ ( P(m —n)(l+1)l rl (i'm, ,l)] (25)
The matrix elements in Eqs. (24) and (25) involve the inte-
grations with respect to the radial variable r only. Note that
the wave functions obtained from Eq. (23) are given for the
complex r values (rotated by the angle a in the complex r
plane), while the Eqs. (24) and (25) imply that the wave
functions are taken for real r.
As mentioned above, the acceleration and length forms of
the expression for HG rates are equivalent in the Floquet
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TABLE I. Harmonic-generation rates by the hydrogen atom for
the fundamental field of frequency 532 nm calculated with accel-
eration and length forms. A, acceleration form calculated with the
complex rotated-wave functions; B, length form calculated with the
complex rotated-wave functions. The number in brackets indicates
the power of 10.
Harmonic-generation rates (a.u.)
1 X 10' W/cm 5 X 10' W/cm
A B
3
5
7
9
11
13
15
17
19
21
23
2.43[—15]
5.78[—15]
1.60[—16]
1.96[—19]
5.49[ —23]
6.02[ —27]
3.37[—31]
1.09[—35]
2.43[—15]
5.78[—15]
1.60[ —16]
1.96[—19]
5.49[ —23]
6.02[ —27]
3.37[—31]
1.08[—35]
2.18[—13]
1.64[—12]
1.12[—13]
7.28[ —15]
3.03[—16]
3.07[—18]
1.10[—20]
1.87[ —23]
1.81[—26]
1.10[—29]
4.62[—33]
2.18[- 13]
1.64[ —12]
1.12[—13]
7.28[ —15]
3.03[—16]
3.07[—18]
1.10[—20]
1.87[—23]
1.81[—26]
1.10[—29]
4.70[—33]
theory, if an appropriate regularization of the length form
integral is performed. The integration in the complex coor-
dinate r plane can be considered as such a regularization
since the complex rotated-wave functions decrease exponen-
tially as r~~ and ensure the convergence of the integral
(25). In this case, due to biorthogonality of the complex
scaled wave functions [18], the complex conjugation should
not be applied to any radial function in Eq. (25). Here we
first present the results of HG calculations in one-color laser
field using acceleration and length forms (Table I). The ex-
cellent agreement of the acceleration and length forms shows
the self-consistence of the approach and the quality of the
quasienergy wave functions. However, the acceleration form
is generally expected to be more stable and reliable
[11(b),211, especially for high-order harmonics, because it
makes use of the coordinate r range, which is not far from
the nucleus, where the wave functions calculated are more
accurate. That is why we used the acceleration form of the
HG rate expression to obtain the results for two-color fields
presented in the next section.
IV. RESULTS
The calculations of HG rates were performed for the fun-
damental frequencies tu = 8.564 539X 10 a.u. (correspond-
ing to the wavelength 532 nm) and cu = 5.879 142X 10 a.u.
(corresponding to the wavelength 775 nm). The third har-
monic was used for the two-color calculations. The funda-
mental frequency field intensities IL used are 10' and
5X10' W/cm for the wavelength 532 nm and 10' and
3X10' W/cm for the wavelength 775 nm. The third-
harmonic field intensity IH was chosen to be 10 or 100 times
weaker than that of the fundamental frequency field and the
relative phases are 8'= 0 and m. The results are presented in
Tables II—V and in Figs. 1—4.
For the fundamental wavelength 532 nm (Tables II and III
and Figs. 1 and 2), one can see that for rather strong har-
monic field (10 times weaker than the fundamental one) the
HG rates are generally significantly enhanced, compared
with the one-color case, for both the phase 8' values used in
the calculations. However, for the weaker harmonic intensity
(100 times weaker than the fundamental field) and 8= 7r, the
rates for the first few harmonics are smaller than that for the
one-color HG. We see that a small admixture of the harmonic
field can lead to a dramatic change in the HG rates. Thus, by
tuning the relative phase and the relative intensity of the
fundamental to the harmonic field, one can control the en-
hancement or decrement of the HG yield. The dependence of
the HG rates on the relative phase 6 is the same for both
strong and weak harmonic fields, as well as for both funda-
mental field intensities. For the first few generated harmonics
(the exact number depends on the intensities; see Tables I
and II and Figs. 1 and 2) the largest rate is observed for
6'=0 and the smallest for 8= m. Then the tendency is in-
verted and the highest calculated HG rates (15—17 for 10'
W/cm and 15—23 for 5X 10' W/cm ) show the dominance
of the 6= m results over 8'=0. The exception to this rule is
made by the seventh harmonic for the fundamental field in-
tensity II =5X10' W/cm where the rate for 8'=m ex-
TABLE II. Harmonic-generation rates by the hydrogen atom for the fundamental field of frequency
532 nm, intensity 1 X 10' W/cm, and its third harmonic; n is the harmonic order. The number in brack-
ets indicates the power of 10.
Harmonic generation rates (a.u.)
One-color
fundamental
field
Two-color harmonic field
1X10"W/cm 1 X 10' W/cm'
6=0 6'= ~ 6=0 8'
3
5
7
9
11
13
15
17
2.43[—15]
5.78[—15]
1.60[—16]
1.96[—19]
5.49[—23]
6.02[ —27]
3.37[—31]
1.09[—35]
5.60[—13]
3.82[ —13]
5.11[—15]
8.20[—18]
1.29[—20]
9.58[ —24]
6.96[—27]
3.82[ —30]
4.14[—13]
2.36[—13]
1.37[—15]
2.94[—18]
3.96[—21]
5.23[—24]
3.85[—27]
3.84[ —30]
1.41[—14]
1.72[ —14]
3.25[ —16]
3.50[—19]
8.39[—23]
8.27[ —27]
5.48[ —31]
2.83[—35]
4.24[ —16]
4.35[—16]
5.61[—17]
8.85[—20]
3.41[—23]
6.87[—27]
9.13[—31]
7.93[—35]
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TABLE III. Harmonic-generation rates by the hydrogen atom for the fundamental field of frequency
532 nm, intensity 5 X 10' W/cm, and its third harmonic; n is the harmonic order. The number in brack-
ets indicates the power of 10.
Harmonic-generation rates (a.u. )
One-color
fundamental
field
Two-color harmonic field
5X10"W/cm 5 X 10 W/cm
6=0 6=m 6=0
3
5
7
9
11
13
15
17
19
21
23
2.18[—13]
1.64[ —12]
1.12[—13]
7.28[—15]
3.03[—16]
3.07[—18]
1.10[—20]
1.87[—23]
1.81[—26]
1.10[—29]
4.62[ —33]
5.14[—12]
4.54[ —12]
5.90[—13]
1.19[—13]
2.68[ —15]
1.45[ —17]
6.72[ —20]
2.03[—22]
4.98[—25]
9.89[—28]
1.67[—30]
1.77[—12]
2.43[—12]
1.71[—12]
8.45[—14]
1.41[—15]
1.35[—17]
8 49[—20]
3.94[—22]
1.46[ —24]
4.50[ —27]
1.20[ —29]
4.19[—13]
1.75[—12]
9.07[ —14]
1.02[ —14]
4.17[—16]
3.68[—18]
1.10[—20]
1.45[ —23]
9.94[—27]
3.82[ —30]
8.35[—34]
8.20[ —14]
1.57[—12]
1.55[—13]
6.25[—15]
2.20[ —16]
2.51[—18]
1.07[—20]
2.34[ —23]
3.13[—26]
2.86[ —29]
1.94[—32]
ceeds that for 6'=0. This result can be attributed to some
resonance enhancement of HG, which takes place only for
the relative phase 8= ~. The general observation is that the
HG spectrum is broader for 6= m than for 8'= 0 and the rates
decrease more slowly in the tail portion of the spectrum,
whereas in the top portion (the first few harmonics) they
have the magnitudes smaller than that for 6= 0. These results
are analogous to our previous results for above-threshold de-
tachment by two-color laser fields from H negative ions
l3).
For the fundamental wavelength 775 nm (Tables IV and V
and Figs. 3 and 4), the features observed for the wavelength
532 nm are confirmed. Since the wavelength is longer, the
plateau region, where the harmonic-generation rates are com-
parable in magnitude, is broader than that for 532 nm (third
to thirteenth harmonic for the intensity IL = 3 X 10'
W/cm ). In this region the rates exhibit irregular oscillatory
dependence on the harmonic order, more pronounced for the
stronger fundamental field (Il =3 X 10' W/cm ). For ex-
ample, the rates of the harmonics from the ninth to the fif-
teenth for the third-harmonic field intensity IH=3X10"
W/cm and the relative phase 8'= m are smaller than that for
the one-color HG and the third-harmonic field intensity
IH=3 X 10 W/cm . Such a behavior is not observed for the
weaker fundamental frequency field (IL= 10' W/cm ) or for
the shorter wavelength (532 nm) at any intensity used in the
calculations. One can see also that the difference in HG rates
for different relative phases (0 and m) at the same intensities
of the fundamental and harmonic fields is larger for the
weaker fundamental frequency field (It = 10' W/cm ). The
same tendency is observed for the wavelength 532 nm.
The dependence of HG rates on the relative phase de-
scribed above can be understood to some extent with the
help of the simple semiclassical theory [22]. According to
this theory, HG is produced by the electrons excited into the
TABLE IV. Harmonic-generation rates by the hydrogen atom for the fundamental field of frequency
775 nm, intensity 1X10' W/cm, and its third harmonic; n is the harmonic order. The numbe, in brack-
ets indicates the power of 10.
Harmonic-generation rates (a.u. )
One-color
fundamental
field
Two-color harmonic field
1X10"W/cm 1 X 10 W/cm
6=0 6=m 6=0 8
3
5
7
9
11
13
15
17
19
21
23
1.51[—16]
1.88[ —17]
8.49[—17]
3.84[ —17]
2.14[—18]
1.96[—20]
5.08[—23]
5.52[ —26]
3.13[—29]
1.05[—32]
2.27[—36]
7.52[ —14]
3.79[—15]
1.37[—14]
3.72[ —15]
1.33[—16]
9.97[—19]
3.78[ —21]
1.02[ —23]
1.97[—26]
3.10[—29]
3.99[—32]
6.16[—14]
1.34[—15]
1.04[ —15]
6.16[—16]
1.52[ —17]
1.47[—19]
1.08[—21]
4.56[—24]
1.43[—26]
3.45[ —29]
6.72[ —32]
1.48[—15]
8.65[ —17]
2.90[—16]
1.11[—16]
4.93[—18]
3.98[—20]
8.88[—23]
7.80[ —26]
3.35[—29]
8.33[—33]
1.36[—36]
1.90[—16]
6.05[—19]
4.41[—18]
4.46[—18]
5.75[—19]
7.07[—21]
2.30[—23]
3.31[—26]
2.73[—29]
1.48[ —32]
5.68[—36]
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TABLE V. Harmonic-generation rates by the hydrogen atom for the fundamental field of frequency
775 nm, intensity 3 X 10' W/cm, and its third harmonic; n is the harmonic order. The number in brack-
ets indicates the power of 10.
Harmonic-generation rates (a.u. )
One-color
fundamental
field
Two-color harmonic field
3 X 10" W/cm 3 X 10 W/cm
6=0 8'= m 6=0 6
3
5
7
9
11
13
15
17
19
21
23
25
7.78[—15]
1.40[ —14]
2.81[—15]
1.22[ —14]
2.08[—14]
3.03[—15]
8.38[—17]
9.69[—19]
6.37[—21]
2.75[—23]
8.30[—26]
1.81[—28]
3.77[—13]
3.39[—13]
3.02[ —13]
4.79[—14]
1.50[—13]
8.79[—15]
2.22[ —16]
5.21[—18]
5.60[ —20]
4.16[—22]
2.27[ —24]
9.74[ —27]
1.87[—13]
7.53[—14]
7.21[—14]
1.74[ —15]
7.27[ —15]
1.59[—16]
5.22[ —17]
2.35[—18]
4.92[—20]
6.41[—22]
5.92[—24]
4.23[—26]
1.97[—14]
2.62[ —14]
8.87[—15]
1.45[ —14]
2.81[—14]
3 48[ —15]
8.70[—17]
9.96[—19]
6.95[—21]
3.13[—23]
9.10[—26]
1.75[—28]
1.35[—15]
5.88[—15]
5.50[—16]
1.02[ —14]
1.46[ —14]
2.60[ —15]
8.15[—17]
9.99[—19]
6.55[ —21]
2.75[—23]
8.31[—26]
1.94[—28]
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FIG. l. Harmonic-generation rates (in a.u.) for the fundamental
frequency field 532 nm, intensity 1X10' W/cm, and its third
harmonic. 0, one-color results (fundamental frequency field only);
0, harmonic field 1X10 W/cm, relative phase 8=0; '7, har-
monic field 1 X 10 W/cm, relative phase 6= m", Z, harmonic field
1X10 W/cm, relative phase 8'=m", 4, harmonic field 1X10"
W/cm, relative phase, /=0; ~, harmonic field 1X10' W/cm,
relative phase 8'= m.
FIG. 2. Harmonic-generation rates (in a.u.) for the fundamental
frequency field 532 nm, intensity 5X10' W/cm, and its third
harmonic. 0, one-color results (fundamental frequency field only);
0, harmonic field 5X10 W/cm, relative phase 8'=0; '7, har-
monic field 5 X 10 W/cm, relative phase 6= m", E, harmonic field
5 X 10" W/cm, relative phase 6'= 0;, harmonic field 5 && 10"
W/cm, relative phase 6= 7r.
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FIG. 3. Harmonic-generation rates (in a.u. ) for the fundamental
frequency field 775 nm, intensity 1X10' W/cm, and its third
harmonic. 0, one-color results (fundamental frequency field only);
0, harmonic field 1X10 W/cm, relative phase 8=0; '7, har-
monic field 1 X 10 W/cm, relative phase 8= m; 4, harmonic field
1X10"W/cm, relative phase 8'=0; ~, harmonic field 1X10"
W/cm, relative phase 8= m.
F=Fi+F2(8=0), F=F, —F2(8=m) . (26)
As one can see, the relative phase 8'=0 makes the instanta-
neous field stronger, whereas the relative phase 6'= m makes
it weaker. Since the width of the potential barrier depends on
the field strength (the weaker the field, the broader the bar-
rier), one can expect enhancement of production of low-
order harmonics for 8'= 0 compared with 8= m. Now let the
continuum via the tunneling mechanism. After creation those
electrons can return to the nucleus and emit photons during
the collision process. The higher the energy of the electron,
the higher the frequency of the photon emitted. On the other
hand, the energy of the electron depends on the time when
the electron was created. Thus, for the fundamental fre-
quency field F=Ficos(tot), the phase nit=0 (the strongest
instantaneous field F= F, ) corresponds to the lowest-energy
electrons, whereas the phase cot close to m/2 corresponds to
the highest-energy electrons. However, in the latter case the
potential barrier for tunneling is very broad, so the probabil-
ity of production of high-energy electrons (and, conse-
quently, the probability of radiation of high-energy photons)
is small.
Now let us consider how the admixture of a rather weak
third-harmonic field can inhuence this picture. For the phase
tot=0 we have, according to Eq. (19),
F= —b (Fi —3F2), (8=0),
F= —A(F, +3F2), (8=m. ) . (27)
In contrast with the case cot=0, the instantaneous field is
stronger for the relative phase 8'= m and weaker for 6'=0.
This means that the production of high-order harmonics is
more effective for the relative phase 8'= vr than for 6'=0.
Certainly, the above consideration cannot explain all the
features of HG spectra. However, it gives a qualitative pic-
ture that in general is confirmed by our calculations. As one
can see, better satisfaction is achieved for the weak third-
harmonic field (100 times weaker than the fundamental fre-
quency field) where the one-color HG rates lie in between
the two-color results with 6= ~ and 0, respectively. For the
stronger third-harmonic field (10 times weaker than the fun-
damental frequency field) the two-color HG rates for both
8'= m and 0 are generally larger than that for the one-color
field; however, the relation between the c$= m and 0 cases,
according to the semiclassical theory described above, still
holds.
V. CONCLUSION
In this paper we have presented a nonperturbative Floquet
study of HG by two-color laser fields. We used the theory of
FIG. 4. Harmonic-generation rates (in a.u.) for the fundamental
frequency field 775 nm, intensity 3X10' W/cm, and its third
harmonic. 0, one-color results (fundamental frequency field only);
0, harmonic field 3X10 W/cm, relative phase 8=0; '7, har-
monic field 3 X 10 W/cm, relative phase 8'= m; 4, harmonic field
3X10&i W/cm, relative phase 5=0; ~, harmonic field 3X10
W/cm, relative phase 6= m.
field phase be tot= vr/2+ 6, b, (&1. Instead of Eq. (26) we
have for the instantaneous field strength
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HG based on the quantum-mechanical treatment of the atom
and classical treatment of the radiation. The wave functions
used by this procedure are computed by means of the non-
Hermitian Floquet theory and complex scaling, generalized
pseudospectral discretization technique. The results obtained
in the present paper are for the single-atom HG; we did not
take into account the propagation of the radiation in the me-
dia, The relation of the single-atom HG rates to the experi-
mental observations is discussed elsewhere (see, e.g. [13]).
The results for the HG spectrum show the following gen-
eral features. First, the HG rates for two-color laser fields are
generally much larger than the rates for the one-color HG,
when the third-harmonic field intensity is 10 times smaller
than that of the fundamental frequency field. For very weak
harmonic field (intensity 100 times smaller than that of the
fundamental frequency field) the opposite situation takes
place if the relative phase 6'= m; in this case the one-color
results lie in between the two-color results for the relative
phases 8'=0 and m. Second, the HG rates manifest a strong
dependence on the relative phase between the two fields. For
the first few generated harmonics, the largest rates are ob-
served for the phase 6=0 and the smallest for 8'= ~. How-
ever, for the higher generated harmonics the picture is differ-
ent: the largest HG rates correspond to 6'= ~ and the
smallest ones correspond to 6'=0. This means that the de-
crease of HG rates with their number is slower for 6'= ~ than
for 6'=0.
There is a close analogy between the present results for
HG and our previous results for above-threshold multiphoton
detachment by two-color laser fields [3].It confirms our con-
clusion made in Ref. [3] that the features described above
have a general kinematic nature related to the motion of the
electron in the two-color laser fields and do not depend
qualitatively on the atomic potential (except for the reso-
nance phenomena).
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